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MASS TRANSFER WITH "MEMORY" IN ELECTROCHEMICAL PROCESSES 

L. S. Kalashnikova UDC 541.138:66.015.3 

Diffusion processes in porous electrodes are investigated on the basis of 
mass-transfer equation with "memory." The equation is analyzed with the 
application of the Laplace transform. 

The analysis of mass-transfer processes in porous electrodes is of major importance in 
the investigation of many electrochemical processes, in particular the operation of electro- 
chemical current sources. A complicated interaction takes place between the electric and 
concentration fields in a porous electrode, where mass transfer is accompanied by electro- 
chemical reactions. The large difference between the characteristic time constants of the 
diffusion and electrical processes means that they can be considered independently. The 
variation of the concentration field in the diffusion mode of operation of a porous elec- 
trode is described by an equation of the form [i] 

0c 
= D * A c  - -  koC. ( 1 ) 

This equation has been derived on the assumption that the expenditure or accumulation of 
active substance as a result of electrochemical reactions takes place uniformly. However, 
this assumption is an idealization, and in real electrodes the instantaneous mode of opera- 
tion of the electrode is observed to depend on the nature of the process at previous times, 
i.e., on the history of the process. 

Mass transfer of this nature can be modeled if the following expression is used to des- 
cribe the transfer flux [2]: 

q m  = - -  D *  grad c - -  .f" D * D '  ('~ - -  O) grad c (r, 0) dO. ( 2 )  
0 
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Proceeding from (2), we can obtain an equation for the mass transfer in materials with 
"memory"; in the two-dimensional case it has the form 

Oc O~c O2c 
- -  D* @ .I D*D'  (~ - -  O) dO. ( 3 )  

O~ Ox ~ Ox ~ o 

The function D(z - 0), which characterizes the relaxation properties of the process in the 
porous electrode, must be of the "fading memory" type [3]: 

D (0) = ~ exp ( - -  ~0). (4) 

We can  a l w a y s  make ~ = 1 by a s u i t a b l e  c h o i c e  o f  t i m e  s c a l e .  

I n  r e g a r d  t o  many i m p o r t a n t  p r a c t i c a l  p r o b l e m s  i t  i s  i n t e r e s t i n g  t o  a n a l y z e  t h e  o p e r a -  
t i o n  o f  a p l a n a r  p o r o u s  e l e c t r o d e  o f  t h i c k n e s s  2d u n d e r  t h e  c o n d i t i o n s  o f  mass  t r a n s f e r  w i t h  
"memory" [ 4 ] .  The i n i t i a l  and b o u n d a r y  c o n d i t i o n s  f o r  (3 )  in  t h i s  c a s e  a r e  

~>0: 

"~ = 0 : c (x) = Co; 

x = - 4 - d ,  c(x, "r)= 1. 
(5) 

For the ensuing analysis we write Eq. (3) in the form 

, �9 [ O.__~c .__ D* 02c D'  Oc D'  Oc O~C... ] 
O'~ Ox ~ --  j" ('c - -  O) dO - - . [  (T - -  O) - -  D *  dO. 

o O0 o O0 Ox 2 J 

D e n o t i n g  q ( x ,  T) = 8c /8~  - D* 8~c /8x  2, we o b t a i n  

q(x, T) q- S D ' ( ~ - - 0 )  q(x, 0) d 0 =  ,f D ' ( ~ - - 0 )  Oc dO. 
00 

0 0 

Tak ing  t h e  L a p l a c e  t r a n s f o r m ,  we o b t a i n  t h e  f o l l o w i n g  e q u a t i o n  f o r  t h e  t r a n s f o r m e d  f u n c t i o n s :  

whereupon 

q(x, p) -? D'  (p) q-(x, p) = D--' (p) [pC(x ,  p) -- col, 

i <6> ~-(x ,p )=  I + D  ~(p)  p " 

After taking the inverse transforms, we obtain Eq. (6) in the form 

0 c  __ D* 0-~e = / 7  (~)* [e (x, T) - -  Co], (7 )  
a t  ax '  

where  t h e  a s t e r i s k  * d e n o t e s  t h e  c o n v o l u t i o n  o f  f u n c t i o n s ,  and ~ ( p )  = p D ' ( p ) / [ 1  + f i ' ( p ) ] .  
We r e p r e s e n t  t h e  o p e r a t o r  ~ ( p )  in  t h e  fo rm ~ ( p )  = B + ~ 0 ( P ) .  Then Eq. (7 )  i s  r e w r i t t e n  as  

a--c-e-- D* a~e = B [e (x, ~) - -  Co] + .[ /70 (I: - -  0) [e (x, 0) - -  e0] dO. (8 )  
&c Ox '~ o 

E q u a t i o n  (8 )  can  be r e g a r d e d  as  a d i f f u s i o n  e q u a t i o n  w i t h  s o u r c e s  o f  a s p e c i a l  t y p e ,  where  
t h e  f i r s t  t e r m  on t h e  r i g h t - h a n d  s i d e  d e t e r m i n e s  t h e  i n s t a n t a n e o u s  power  o f  t h e  s o u r c e  and 
the second term characterizes the stored power. If D(O) satisfies (4), the operators H(p) 
and t0(p) acquire specific forms: 

~ ( p ) = _  p~z ; H--0(p)-- ~ ( 1 - - ~ )  (9 )  
p-]- 1 --~ p-i-  1 --~ 

Using these expressions, we obtain the following transform from Eqs. (7) and (8): 

C(x, p ) =  co @(I-- -c0)  c h R ( p ) x  , (10)  
p p ch R (p) d 

// (p + i) 
R (p)= ] D*P(p-I-I-- oO 

The inverse (original) of this transform can be found by using Cauchy's theorem of residues 
to invert the Laplace integral: 
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I I  x 2 2[ /?Z 

c(x, 1:) :1-1-  2( l - -c0)  '~  X AJ"~e~m%~ 2 / 
d ~ /-~ d nz--I / - - i  

(11) 

where 

( II (-- 1)'~51~ m - -  -~- 

A~m - [ ol,-o, I 
and Plm and P2m a r e  t h e  r o o t s  o f  t h e  e q u a t i o n  R(p)d = i~(m - 1 / 2 ) .  

In  t h e  l i m i t ~ +  ~ i t  f o l l o w s  from (11) t h a t  c (x )  = 1. 
ces  have a f i n i t e  t o t a l  power,  i . e . ,  

Q (x) -- .1 q (x, r d~ < ~ .  
0 

From (7)  we o b t a i n  t h e  f o l l o w i n g  e x p r e s s i o n  f o r  q (x ,  p ) :  

q(x, p ) = H ( p ) [ C ( x ,  p ) - -  Co ] 
[ P J 

or q(x, p) = ~(p)$(x, p), where r T) = c(x, ~) - c 0. 

Autonomous chemical current sour- 

(12)  

It follows from the condition of finiteness of Q(x) that H(p)$(x, p) + Q(x) < ~, if 
~(p)~(x, p) is analytic for Re p > 0 and is bounded as p + 0. In this case q(x, r) + 0 
as % + m. For the case of a planar electrode 

ch R (p) x 
(x, p) = (1 -- Co) 

p ch R (p)d 

Here the condition of analyticity of ~(p)~(x, p) is equivalent to the requirement that 
< I. The boundedness of the maximum local capacitance of the electrode follows from the 

relation 

q = ( l - - c o )  lim H(p~) - a (1 - -c~  < o o .  
p~o p ~ - - 1  

For N(0) ~ 0 condition (12) is not satisfied, and it is only sensible to consider the case 
f i (O)  = O. 

The most interesting problem is to analyze the operation of a porous electrode under 
the conditions of a constant polarization and discharge of the electrode by a constant 
current. The prinicpal characteristic of the potentiostatic mode of operation is the value 
of the current taken from the electrode: 

d 

i ( T ) =  ~ q(x, "c) dx. ( 1 3 )  
--d 

Using the expressions for q(x, p), we obtain 

H (p) T(p) = 2r - -  th R (p) d, 

pR (p) (lZ~) 
4D*%cz ,~-~ 9 eP]m~C (PJm @ 1 - -  r 

i (~) 
d ~" Z ~(2pjm+ 1 ) - - (p im+l )2  ' 

m : l  j : l  

where P~m and P2m are the roots of the equation 

R(p)d = i~(m - 1/2). 

The total capacitance of the electrode is given by the expression 

i i (T) d~ -~ lira T(R) 
2%az/ 

p~O ~ -  1 
0 
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Fig. 2 
Fig. i. Distribution of KOH concentration c (N) along the 
thickness x (mm) of a nickel-nickel oxide electrode during 
discharge, i 0 = 0.0167 A/cm ~, c o = 5 N, t = 25~ d= 0.75m, 
D * = 1.39-i0 -s cm2/sec, ~ = 0.637, X = 0.058h -i, discharge 
depth factor 2 A. h. 

Fig. 2. Variation of KOH concentration c (N) with time �9 (sec) 
after the discharge of a nickel-nickel oxide electrode, 
i 0 = 0.0143 A/cm 2, c o = 5 N, t = 25~ d = 0.075 cm, D* = 
1.39.10 -s cm2/sec, ~ = 0.637, X = 0.058 h -i, discharge depth 

factor 0.5 A.h. 

If the electrode is discharged by a constant current, the potentials on the outer surfaces 
of the electrode are ~(T)/x=• = ~(• T) for a given discharge current. Under symmetrical 
conditions of operation of the electrode, the expression for ~(x, p) must be symmetrical: 

whereupon (p (x, p) = A (p) ch R (p) x, 

-# (x, p ) =  -H (p) A (p) ch R (p) x. ( 1 5 )  

Substituting (15) into (13), we obtain 

F(p) = 2 17 (p) A (p) sh R (p) d. 
R (p) 

It follows from the condition of a constant discharge current i(p) = I/p, where I is the 
value of the discharge current, that 

I R (p) A (p) - 
2 p~ (p) sh R (p)d 

The distribution of the potential in the electrode is given by the expression 

~ ( x ,  p ) =  I _R(P) c h R ( p )  x , 

2 pri(p) shR(p) d 
where the values of the potential on the surface of the electrode are 

(+_d ,  p ) =  I R ( p )  c t h R ( p )  d. 
2 p~ (p) 

The electrode discharge curve ~(~) is described by the equation 

o 

ld I(~ + 1 --,cd) , Ia"-D* ~ ~ Bj,,,en~ ' (16)  
qo ('c) = - -  6c, D* - -  2czd ' (zd a 

nz~;= 1 j = l  

where 
2 

Bjm = m (pj~ -~- 1 - -  c~) . 
., ]- _ ~(i--~) m.,, _ I , (p~m~] ----~)~J 

Plm and P2m are the roots of the equation R(p)d = i~m. 

For asymmetrical conditions at the boundaries of the electrode, the boundary conditions 
for Eq. (3) have the form 
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-- O: c(x)=co; 

>0" x: :O,  c(x,T)=Co; 

x--: d, c(x, T)= 1. 
(17) 

The following expressions for the discharge current i(~) and the discharge curve 0(T) can 
be obtained for such boundary conditions: 

i (T)= q%~D* ~ '~ ePJ~;(pjm+l--~ ) 
d " o~(2m~ + 1 ) - - ( r a m +  1)" '  

. . . .  " = (18) 
21d 81('c -t- 1 --  "~a) _~_ 32!rs ,~  2 

('0 - -  3aD* out r - - - f - -  ~ ~-~ Bs'nePJm~' " 
re= l  /=1 

where P~-m and P2m are the roots of the equation R(p)d = 2i~(m - i/2). 

As examples, the experimental data of [5] are compared with the solution of Eqs. (i) 
and (3) in Figs. 1 and 2. The results calculated according to Eq. (3) with the "memory" 
term are represented by solid curves in the figures, those calculated according to Eq. (i) 
without the "memory" term are represented by dashed curves, and the experimental potassium 
hydroxide concentrations determined in [5] are indicated by dots. The calculated values of 
the parameters D*, ~, and ~ of the model (3) are given in each case. 

NOTATION 

c, concentration; D*, diffusion coefficient; ~, time; 8, variable of integration; co, 
equilibrium concentration; 2d, thickness of electrode; a, X, parameters of relaxation func- 
tion; D(e) relaxation function; p, variable of Laplace transform. 
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